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Abstract—Takeya’s item relational structure theory is a
well-known ordering algorithm. However, its threshold limit
value is a fixed value, lacking of statistical meaning, In this
paper, the authors provide an improved threshold limit
value by using the empirical distribution critical value of all
the values of the relational structure indices between any
two items, it is more sensitive and effective than the
traditional fixed threshold for comparing the ordering
relation of any two items. A computer program is developed
for the proposed method. A Mathematics example is also
provided in this paper to illustrate the advantages of the
proposed methods.

Index Terms—item ordering theory, item relational
structure theory, empirical distribution critical value

. INTRODUCTION

All of the correlation, distance and similarity, are
symmetrical relations, which can not be used to detect
item ordering relationships or directed structures of a
group of subjects. There are two well-known ordering
item algorithms based on the testing performance of a
group of subjects, one is Ordering theory (OT) proposed
by Bart et al in 1973 [1-2], and the other is Item relational
structure theory (IRS) proposed by Takeya in 1991 [3-4],
the former is not like the later considering not only the
partial ordering relation but also the correlation relation.
However, the threshold limit values of both of them are
fixed values, lacking of statistical meaning, one of the
authors of this paper, H.-C. Liu, transferred the ordering
index as a approximated t value to obtained a critical t
value at significant level 0.05 [5], but it is only used for
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nominal scale data, not for interval scale data. In this
paper, the authors consider to improve the threshold limit
value by using the empirical distribution critical value of
all the values of the relational structure indices between
any two items, it is more valid than the traditional
threshold for comparing the ordering relation of any two
items. A computer program is developed for the proposed
method. A Mathematics example is also provided in this
paper to illustrate the advantages of the proposed
methods.

Il. ORDERING THEORY ALGORITHM

In this section, Ordering Theory algorithm is described
briefly as follows;
A. Definition of Ordering Theory Algorithm

Airasian & Bart, 1973; Bart & Krus, 1973) [1-2] provided
the Ordering Theory (OT) algorithm as following
definition;

Definition 1: Ordering Theory (OT) algorithm
Let ge[0.02,0.04] ,oand X = (X, X,,,X,)

denote a vector containing n binary item scores variables.
Each individual taking n-item test produces a

vector X = (X, X,,-*+,X,) containing ones and zeros.

Then the joint and marginal probabilities of items j and k

can be represented in table 1.

0] if P(X, =0,X,=1)<e, then we say that
item j could be linked forwards to item k. The
relation is denoted as X, — X, , it means
that X ; is a prerequisite to X,

(i) if P(X;=0,X,=1)2¢, then we say that
item j could not be linked forwards to item k.
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The relation is denoted as X; >¥" X, , it means
that X i is not a prerequisite to X ,

(iii) If X, - X, and X, —» X, , then the
relation is denoted as X; <> X, and it

means that item j and k are equivalent. For
convenience,

(iv) If X, -» X, or X,-X, then the
relation is denoted as X, <> X, and it

means that item j and k are not equivalent.
For convenience, let & = 0.03 in this paper.

Table 1 The joint probabilities of item j and k

Item k
X, =1 X, =0 Total
ltem X, =1|P(X;=1X,=1)| P(X;=1X=0) | P(X,=1)
] X, =0 [P(X;=0,X,=1)|P(X;=0,X, =0)[P(X,=0)
Total | P(X, =1) | P(X, =0) 1

B. Examples of Ordering Theory Algorithm

Examlple 1:

Let the joint and marginal probabilities of item j and k of
122 subjects are listed as Table 2

Table 2: The joint probabilities of item i and j
Item j

XJ. =1|X,. =0|Total

J

X, =11 002 | 0.02 |0.04

Item1

X,=0{ 048 | 0.48 [0.96

Total| 0.5 | 0.5 |

In Table 2, from the Definition 1, we can obtain
following two results;
P(X;=0,X;=1)=048>£=0.03= X, % X, (1

P(X;=0,X,=1)=002<£=0.03=X, > X, (2
Result (1) means that X, and X, have no ordering
relation from X;to X, but result (2) means that X,
and X, have ordering relation from X to X;. This fact
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shows that item ordering relation is not a symmetric
relation rather then correlation relation.
In addition, we can obtain the correlation value of xj and

X, by using the formula (3), its value is equal to zero,
thatis o; = p; =0, itmeans that X ;and X; have no

linear relationship, but from equation (2), Xj and X

have ordering relation, it leads to a contradiction, in other
words, Ordering Theory algorithm is not a valid ordering
algorithm.

Py = G‘i;y ©)
Where g, =3 [x—s)(y=44 ) (%), )
R YR ST
ojzzy:(y—uy)sz(y) ()

Examlple 2:

Let the joint and marginal probabilities of item j and k
of 122 subjects are listed as Table 3.

Table 3: The joint probabilities of item j and k

Item k

X, =1| X, =0|Total

X;=110.50 | 0.05 |0.55
Item

X;=0| 0.05| 040 [0.45

Total | 0.55 | 045 | 1

In Table 3,
P(Xj =0, X, =1)=0.05>£=003= Xj 2 X, (7)

P(X,=0,X;=0)=005>£=003=X, > X; (8

, but the correlation value of X i Xy is Py =0.798,
it means that X j and X, have high correlated linear

relationship but no ordering relation, it also leads to a
contradiction, in other words, Ordering Theory algorithm
is indeed not a valid ordering algorithm.

I1l. ITEM RELATIONAL STRUCTURE THEORY ALGORITHM

For improving above-mentioned drawback, we need to
consider both of ordering relation and linear correlation,
since if and only if

P(X;=0,X,=1)=P(X; =0)P(X,=1), (9
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then [X,=0]"[x, =1] (10)
if P(X;=0)P(X,=1)>0 (1)
then

P(X;=0,X,=1) (12)

TP(X,=0)P(X, =) =[X=0] [x=1)
P(X;=0,X,=1)
P(X; =0)P(X, =1)
the degree of correlation between events[ X = o] and

in other words, 1 _ can be view as

[)(k =1] , hence, Takeya (1991) proposed his improving

item ordering theory algorithm called item relational
structure as following definition;

A. Definition of Item Relational Structure Algorithm

Definition 2: Item Relational Structure (IRS) algorithm
Let X =(X,, X,,---, X,) denote a vector containing

n binary item scores variables. Each individual taking n-
item test produces a vector X=(X;,X,,-:*,X,)

containing ones and zeros. Then the joint and marginal
probabilities of items j and k can be represented in Table
1

and . . P(X;=0,X,=1)

Coo1o (13)
] P(X,=0)P(X, =1)

(i) if r;{ > 0.5, then we say that item j could be linked

forwards to item k. The relation is denoted as
X; —> X, itmeans that X ; is a prerequisite to X

(i) if rj*k < 0.5, then we say that item j could not be

linked forwards to item k. The relation is denoted as
X; =¥ X, , it means that X is not a prerequisite

to X,
iii) If X, > X, and X, - X,
is denoted as X <> X, and it means that item j

and k are equivalent. For convenience,
(iv) If X, - X, OrX, - X, then the relation is

denoted as X «» X, and it means that item j and
k are not equivalent.

then the relation

B. Examples of Item Relational Structure Algorithm

Examlple 3: the data is the same as Examlple 1.
In Table 2, from Examlple 1. we know that

pijzpjizo’

And g PO =0.X,=1)
i P(X, =0)P(X, =1)
0.48
T 0.96x05
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implies X, > X (14)
o P(X;=0,X,=1)
I P(X,=0)P(X, =1)
_,_ 002 _
0.5x0.04
implies X, > X;, (15)
Both of (14) and (15) show that no contradiction be
leaded.
Examlple 4: the data is the same as Examlple 2.
In Table 3, from Examlple 2. we know
thatp]k = ka = 0.7981
and re="r;=1- 0.05 = 395 >0.5 (16)
! ! 0.55%x0.45 495
implies X ;| » X,, X, = X, = X, & X, (17)

there are no contradiction to be leaded.

From Example 3 and Example 4, we know that Takeya’s
IRS algorithm is a valid method to identify the ordering
relation between any two items

IV. TRANSITION AND SUBSTITUTION RULES

In both Ordering Theory and Item Relational Structure
Theory, the following important issue needs to be
considered; whether the transition rule and the
substitution rule are existent?

A. Whether the transition rule is existent?

In Correlation Theory, from the formula (18) and (19),
we can obtain the Correlation coefficient between any
two random variables;

EX-m ) =t)  _coep (18)
xy
CVE i E(Y )
Where x =X —p,, y=Y -, (19)

And then we can find that the transition rule is not
existent, see also the Figure 1, it shows that the random
variable X and Y may be zero correlative even though
random variable X and Z are highly correlative with
following correlation coefficient value

.

=Cos0,, = CosZ (20)

>0.7"

and random variable Z and Y are also highly correlative
with following correlation coefficient value

, =Coso, —Cos% V2 o7 (1)
Therefore, in both Ordering Theory and Item

Relational Structure Theory, the transition rule is also not
existent. In other words, the following formula (22) is not
always true;
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X, =X, X, =X =X =X, (22)
A z
Y
HXY:%
eYZ:%
ezx:% X

Figure 1 the transition rule is not existent

B. Whether the substitution rule is existent?

In both Ordering Theory and Item Relational Structure
Theory, the substitution rule is listed as below;

Substitution rule

Xi X, X; =2 X =X =X, (23)

In Takeya’s Item Relational Structure Theory,
Obviously, if the transition rule is existent, then the
substitution rule is also true, however, on the contrary, if
the substitution rule is existent, then the substitution rule
is not also true, in other words, it means that the
substitution rule is stronger than transition rule. In this
paper, in author’s improved item relational structure
theory, the substitution rule must be satisfied, since it is
more reasonable for common sense

V. IMPROVED ITEM RELATIONAL STRUCTURE THEORY
ALGORITHM

Since the threshold limit value of IRS is fixed at 0.5,
it lacks of statistical meaning, in addition, this value is
not big enough to satisfy the above-mentioned
substitution rule, in this paper, an improved item
relational structure theory algorithm based on empirical
distribution critical value is proposed as below;

A. Some explained examples about substitution rule
with threshold limit value of IRS 0.5 and 0.6

() If the threshold limit value of IRS is 0.5, let

(r,>051,<05& 1, >, 1, (24)
(i) r, <05 1, 1, (25)
(i) r, >0,51;>05 1, 51, (26)

(V) r, <05 0rr; <05 1,1, 27)
(1) If the threshold limit value of IRS is 0.6, let
Dr; >0,6,1,<0,6 I, >y, 1,

(i) 1) <06 1, 5y, I,

(28)
(29)
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(ii)) r, >0,6,1,>06< I, o1, (30)
(V) r; <0,6,0rr; <06 |, <»,, 1, (31)
The following three cases need to be considered,;
() X, 05 X[ X 205 Xyo X Pos X, (32)
(i) X x5 X, Xi 55 X, X[ 06 X (33)

(iii) Xi 25 Xy Xi D X X 25 X, X Pre Xy (34)

Examlple 5:

Suppose the joint and marginal probabilities of item i
and j of 122 subjects are listed as Table 4 and the joint
and marginal probabilities of item j and k of 122 subjects
are listed as Table 5

Where X; <55 X, X =45 X, X P X (39)
Table 4: The joint probabilities of item i and |
Item j
X,;=1|X;,=0|Total
X,=1| 0.50 | 0.05 |0.55
Ttem 1
X, =0| 005 | 0.40 |0.45
Total | 0.55 | 0.45 | 1
. « 395
ri].:r].i:m>0.6<:>Ii<—>0.slj (36)
Table 5: The joint probabilities of item j and k
Item k
X,‘_- =1 X,‘_- =0|Total
X, =1| 026 | 0.44 [0.70
Item j
X,=0| 0.04 | 026 [0.30
Total | 0.30 | 0.70 | 1
0.5<ry :§<0.6<:> i =05 1, 1 P06 |

We have X; <, X, X; =55 X X P46 X,

Examlple 6

Suppose the joint and marginal probabilities of item j
and k of 122 subjects are listed as Table 6 and the joint
and marginal probabilities of item j and k of 122 subjects
are listed as Table 7

where X; <5 X;, X; 6 X, X =6 X, (38)
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Table 6: The joint probabilities of item i and j

Ttem j

X, =1|X, =0|Total

X,=1| 044 | 0.11 |0.55
Item i

X.=0|0.11 | 034 [045

Total | 0.55 | 0.45 1

* * 5
05<% =7 5 <06=X <3 X, X 43 % (39)
Table 7 The joint probabilities of item j and k

Item k

X, =1|X, =0|Total

X, =11 032|038 |0.70

Item j

Total | 0.35 | 0.65 | 1

e :; >06,1; :%<0.5:> X =6 X, (40)

We have Xi <—)0_5 Xj’xi (7L)0.6 Xj !Xj _)0.6 Xk

Examlple 7

Suppose the joint and marginal probabilities of item j
and k of 122 subjects are listed as Table 8 and the joint
and marginal probabilities of item j and k of 122 subjects
are listed as Table 9
where

X s X K s X XK s Ko X Fos K (41)

Table 8 The joint probabilities of item i and j

Item j

X;=11X; =0|Total

X;=11042] 0.12 |0.54

Ttem i
X,=0{0.12 | 0.34 |046

Total | 0.54 | 046 | 1
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i
05<K =r; o1 <OB=>X, <5 X, X 455 X, (42)

Table 9 The joint probabilities of item jand k

Ttem k

X, =1| X, =0|Total

X, =1|026 | 044 |0.70

Item j
X;=0]|0.04 | 0.26 |0.30
Total | 0.30 | 0.70 1
. 143 . 157
0.5<}/jk :m<0.6,7kj :@<0.5 (43)

= X 205 X X Pog Xy

We haVe Xi <_>0.5 Xj!Xi %0_6 XJ ’XJ _)0.6 Xk

From the above three examples, we know that the
threshold limit value of IRS 0.6 is better than 0.5, in
other words, Takeya’s fixed threshold limit value of IRS
is worster than 0.6, in addition, it lacks of statistical
meaning.

B. Improved Item Relational Structure Algorithm based
on empirical distribution critical value

let n be number of items, m be number of examinees,

therefore, the number of all ordering index r;( isn (n —1) ,
then we can obtain a distribution of all ordering index r;( ,

and let the threshold limit value of IRS be defined as

r.=arg|1l- j(. f (I’j’[()drj’[< =0.05 (44)

where f (rj*k) is the probability density function of

random variable I;, .

Test Hy:po <0 vsH; 1 p. >0, ata=0.05,
using the statistic [5-6]

I
t, =t ~t

(45)
1-[r]

(m-2)
C
m-—2
where m is the number of sample size.
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If t,>t_g05(M—2), then reject Hy, in other

words I, can be used as a valid threshold limit value of

IRS, therefore an improved IRS algorithm based on
empirical distribution critical value is proposed. Here we
define

X, = X, ifandonlyif r, >, r;<r, (46)
X, — X, ifandonly if [ > 1., 1, <r, 47)
X, © X, ifandonlyif ry, >r, fi>r.  (48)

VI. MATHLAB PROGRAM OF NEW METHOD

The Mathlab program of item relational structure theory
algorithm based on empirical distribution critical value is
listed as bellow;

clear all
%%%%0------ load data---------
disp(‘data loading:---";
data = xlIsread('test8.xIs");
disp('End of data loading--");
%%%%------ End of data loading ------
[m,n]=size(data) ;
IRS=zeros(n) ;
Total=zeros(1,n*(n-1)) ;
k=1;
for i=1:n
for j=1:n
ifi==j
IRS(i,j)=0;
else
IRS(i,j)=irs(data(:,i),data(:,j));
Total(k)=IRS(i,j);
k=k+1;
end
end
end
Total_sorted=sort(Total) ;
value=Total_sorted(round(length(Total)*.95))

Tradition=IRS ;
New_method=IRS ;

Tradition(find(Tradition(:,:)>=0.5))=1;
Tradition(find(Tradition(:,:)<0.5))=0 ;

New_method(find(New_method(:,:)>=value))=1;
New_method(find(New_method(:,:)<value))=0 ;

disp(['Number of total items ' num2str(n) ' - ') ;

questions=[];

question_no = input('Please input the number of your

reserved item or press “Enter” to stop item-selecting :") ;

while ( question_no >=1 & question no <=n)
questions = cat(2,questions,question_no) ;
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question_no = input(' Please input the number of your
reserved item or press “Enter” to stop item-selecting :") ;
end
if length(questions)==0
disp(['you did not select any item."]) ;
break
else
disp(['the number of your selected item is item'
numa2str(questions) ") ;
end
disp(['Please press any key to continue ') ;
pause
guestions=unique(questions) ;
question_del=n:-1:1;
D=sort(-questions) ;
ford=-D
index=find(question_del==d);
question_del(index)=[] ;
end
for d = question_del
Tradition(:,d)=[] ;
Tradition(d,:)=[] ;
New_method(:,d)=[] ;
New_method(d,:)=[] ;
end

Tradition
New_method

VII. EXPERIMENTS AND RESULTS

For comparing the performances of Takeya’s IRS
algorithm, and our new method, a fraction addition test
with 30 items was administrated to 122 5th grade students
in Taiwan. For convenience, only the item ordering
structures of 7 items of all students are shown in Table 7.

Table 7. Items used in IRS and their chacteristic

Denominators are | The answer is
Item
not the same. | greater than 1.
11
) —+-—
M 7+3
6
2) Z+- X
31
7) 142 ¢
(7) =73 X
35 i
(10) Fac X X
13 2
(1:‘) :+7—+?
121
20) —+ =+ — {
(20 7+ 773 X
12 1
23) —+ o4 — {
(3) $+7%7 X
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Table 7. shows that the following facts;

(i) the item whose denominators are not the same is more
difficulty than the item whose denominators are the
same

(ii) the item whose answer is greater than 1 is more
difficulty than the item whose answer is not greater
than 1

(iii) the item with 3 fractions is more difficulty than the

item with 2 fractions

Then, in general, we know that basic item ordering

relations may be listed as below

=L, L= L=l L= L =l L —2X, (49)
L=l L, =l L=l L=, L, > X, (50)
L=l L, =l 1L =l I =X, (51)

IlO - |17’ IlO - IZO' IlO _>X23 (52)

l; >l 1, > X, (53)

Lo = Xy (54)

The experimental result gives the Figure 2 and 3,
they are item ordering structures generated by Takeya’s
IRS algorithm with threshold 0.5 and our new method
with the empirical distribution critical value threshold
0.628 respectively. This result shows that the item
ordering structures constructed by Takeya’s IRS
algorithm with threshold 0.5 is not reasonable. Since in
Figure 1(a), we can find that,

XlO(_)XW X7 _)X20:>X10_)X20' (55)
but X,, = X, does not exist, it leads a
contradiction, and our new method is reasonable.

03| Pt

0.4
0.5

0.6

0.8

0.9

1

/
Figure 2. IRS of 122 examinees generated by
Takeya’s threshold 0.5
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03 Pi

0.6

08

09

1

Figure 3. IRS of 122 examinees generated by new
method threshold 0,628

VIIl. CONCLUSION

There are two well-known ordering item algorithms
based on the testing performance of a group of subjects,
one is Bart et al’s OT algorithm, and the other is
Takeya’s IRS algorithm, the former do not consider the
correlation relation as the later. However, the threshold
limit values of both of them are fixed values, lacking of
statistical meaning. In this paper, the authors consider
to improve the threshold limit value by using the
empirical distribution critical value of all the values of
the relational structure indices between any two items, it
is more valid than Takeya’s threshold 0.5 for comparing
the ordering relation of any two items. A computer
program is developed for the proposed method. A
Mathematics example is also provided in this paper to
illustrate the advantages of the proposed methods
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